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POINCARE´-LELONG FORMULA, J-ANALYTIC SUBSETS AND LELONG
NUMBERS OF CURRENTS ON ALMOST COMPLEX MANIFOLDS
FREDJ ELKHADHRA
Abstract. In this paper, we first establish a Poincare´-Lelong type formula in the almost com-
plex setting. Then, after introducing the notion of J-analytic subsets, we study the restriction of
a closed positive current defined in an almost complex manifold (M,J) on a J-analytic subset.
Finally, we prove that the Lelong numbers of a plurisubharmonic current defined on an almost
complex manifold are independent of the coordinate systems.
1. Preliminaries and notations
Let M be a real-dimentional manifold equipped with a smooth section J ∈ End(TM) for
which J2 = −1l ; we call J the almost complex structure on M , and (M,J) an almost complex
manifold. Denote by TM the tangent bundle to M and by TM⋆ the associated dual bundle.
Then, by extending J to a C-linear automorphism of the complexification TCM , it induces the
splitting
TCM = T
1,0M ⊕ T 0,1M,
where T 1,0M and T 0,1M are the complex subbundles of TCM associated respectively with the
(+i) and (−i)-eigenspaces of J . Also we have T ∗
C
M = T ∗1,0M ⊕ T ∗0,1M , where T ∗1,0M and
T ∗0,1M are the dual bundles of T
0,1M and T 0,1M respectively. We also consider C∞p,q(M,C) =
C∞(
∧p,q T ∗
C
M,C) (resp. Dp,q(M,C)) as the space of complex differentials (resp. differentials
with compact support) of bidegree (p, q) on M . The dual D ′p,q(M,C) is the space of currents of
bidimension (p, q) or of bidegree (n− p, n− q). Recall that a current T ∈ D ′p,q(M,C) is nothing
but a differential form of bidegree (p, q) with distribution coefficients. Let d be the De Rham
exerior derivative, which splits as d = ∂J + ∂J − θJ − θJ , where the operators ∂J , ∂J , θJ and
θJ are of type respectively (1, 0), (0, 1), (2,−1) and (−1, 2). As is well-known the structure J
need not be integrable, i.e. J need not be induced from local complex coordinates. According
to the celebrated Newlander-Nirenberg theorem, this is the case if and only if the torsion tensor
θJ vanishes, or equivalently, if and only if ∂
2
J = 0. The following definition will be useful.
Definition 1.
(1) A form ϕ ∈ C∞p,p(M,C) is said to be positive if for all vectors ξ1, · · · , ξp ∈ TM one has
ϕ(ξ1, Jξ1, · · · , ξp, Jξp) ≥ 0. We say that ϕ is strongly positive if it can be written as
ϕ =
∑N
j=1 λjiα1,j ∧ α1,j ∧ · · · ∧ iαp,j ∧ αp,j, where λj ≥ 0 and αk,j ∈ C1,0(M,C), for
j = 1, · · · , N .
(2) Let T be a current of bidimension (p, p) on (M,J). We say that T is positive if T ∧ ϕ
is a positive Radon measure for every form ϕ of bidegree (p, p) on M which is strongly
positive. The current T is said to be closed if dT = 0, and plurisubharmonic if the
current i∂J∂JT is positive.
(3) Let u be an upper semi-continuous function onM . One says that u is J-plurisubharmonic
(J-psh for short) if u ◦ γ is a subharmonic function for every J-holomorphic curve.
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Regarding positive currents, it is known that there are two important kinds of examples of
positive currents [7]. The first kind consists of currents of integration over almost complex
submanifolds; they are closed currents. Recall that a real smooth submanifold N of M is said
to be almost complex submanifold if the tangent bundle TN is invariant by J . The second
kind consists of currents of the form i∂J∂Ju, where u is a J-psh function on M such that
u 6≡ −∞ ; they are not necessarily closed when J is non integrable. Assume that ω ∈ C∞1,1(M,C)
is a hermitian metric on (M,J) and let (ξ1, · · · , ξn) be an ω-orthonormal local basis for the
bundle T 1,0M . Hence, with respect to the above basis we have ω = (i/2)
∑n
j=1 ξ
∗
j ∧ ξ
∗
j . Let
Ω be an open subset of M and A be a closed subset of Ω. A current T of bidimension (p, q)
with zero order on Ω r A can be written as a differential form with measure coefficients, i.e.
T =
∑
|I|=p,|J |=q TIJξ
∗
I ∧ ξ
∗
J where TIJ are Radon measures on Ω r A. We say that T˜ exists if
for all I, J the measure TIJ is locally finite near the points of A. In this case T˜ is the trivial
extension of T (i.e. T˜ = 0 on A). When p = q and T is positive, the measure T ∧ ωp is the
mass measure of T (see [7] for more details). Consequently, T˜ exists if and only if the mass
measure T ∧ωp is locally finite in a neighborhood of any point of A. The structure of the paper
is as follows. In section 2, we give the analogue of the Poincare´-Lelong formula in the almost
complex setting. In section 3, we introduce the notion of J-analytic subsets and we consider
the restriction of a closed positive current on such a subset. In section 4, we complete the work
begun by [3] concerning the existence of the Lelong numbers of a plurisubharmonic current and
we prove their independence from the almost complex coordinates.
2. Poincare´-Lelong formula
Let f be a holomorphic function on an open set Ω of C and let us denote by [Z] =
∑
mj[Zj ]
the current of integration on the zero divisor of f , (here Zj are the irreducible components of
Z and mj is the multiplicity of f on Zj). The classical Poincare´-Lelong formula states that
i
π∂∂ log |f | = [Z] in the sense of currents. Roughly speaking, if ∆ is the Laplacien operator,
then the trace 12π∆ log |f | is the euclidean area measure of Z. We refer the reader to [1] and
[6] for a more general formula involving holomorphic sections of a hermitian bundle. Our aim
in this section is to establish an analogue of the Poincare´-Lelong-King formula in the almost
complex category. Let Ω be an open set of R2n equipped with an almost complex structure J of
class C 3. Given a C 3-submanifold Z of Ω of codimension 2p provided J(TZ) = TZ. Let U be
an open subset of Ω such that Z is defined on U by f1 = · · · = fp = 0, where fj are of class C 3
on U , ∂Jfj = 0 on Z ∩U and ∂Jf1∧ · · · ∧∂Jfp 6= 0 on U (see [2, prop.1]). With these notations,
our generalization of the Poincare´-Lelong-King formula can be stated as follows :
Theorem 1. Denote f = (fj)1≤j≤p, |f |2 =
p∑
j=1
|fj|2. Then we have :
(
i
π
∂J∂J log |f |2
)p
= [Z] +RJ(f),
where RJ(f) is a (p, p)-current which has L
α
loc integrable as coefficients, where α < 1 +
1
2p−1 .
Moreover, RJ(f) = 0 when the structure J is integrable.
Observe that the last formula gives the expression of the current of integration associated to Z
in terms of f = (f1, · · · , fp). Moreover, Theorem 1 guarantees that the Monge-Ampe`re current(
i
π∂J∂J log |f |2
)p
is well defined on U and the extra current RJ(f) =
(
i
π∂J∂J log |f |2
)p
|UrZ
appears as the obstruction of the closedness and the positivity of the above Monge-Ampe`re
current.
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Proof. For ε > 0, we have
(2.1)(
i∂J∂J log(|f |2 + ε2)
)p
=
(i∂J∂J |f |2)p
(|f |2 + ε2)p −p
(i∂J∂J |f |2)p−1 ∧ i∂J |f |2 ∧ ∂J |f |2
(|f |2 + ε2)p+1 = w1(f, ε)−w2(f, ε).
Our starting point in the study of w1(f, ε) is the following direct computation :
(
i∂J∂J |f |2
)p
=
i p∑
j=1
∂J∂J |fj |2
p
=
i p∑
j=1
∂Jfj ∧ ∂Jfj + i
p∑
j=1
fj∂J∂Jfj + i
p∑
j=1
∂Jf j ∧ ∂Jfj + i
p∑
j=1
f j∂J∂Jfj
p
=
i p∑
j=1
∂Jfj ∧ ∂Jfj + i
p∑
j=1
∂Jf j ∧ ∂Jfj + 2Re
i p∑
j=1
f j∂J∂Jfj
p .
Since ∂Jfj = 0 on Z for j = 1, · · · , p, it follows that there exist (0, 1)-forms αjk, βjk of class C1
such that ∂Jfj =
p∑
k=1
(fkα
j
k + fkβ
j
k). Therefore, we get the following estimates :
i
p∑
j=1
∂Jf j ∧ ∂Jfj =
p∑
j=1
i
(
p∑
k=1
fkα
j
k + fkβ
j
k
)
∧
(
p∑
s=1
fsα
j
s + fsβ
j
s
)
=
∑
1≤j,k,s≤p
(
fkfsα
j
k ∧ αsk + fkfsαjk ∧ βjs + fkfsβ
j
k ∧ αjs + fkfkβjk ∧ βjs
)
= O(|f |2),
where O (|f |2) is a current which has O (|f |2) as coefficients. Also, we have
i
p∑
j=1
f j∂J∂Jfj =
∑
1≤j,k≤p
(
if j∂Jfk ∧ αjk + f jfk∂Jαjk + f j∂Jfk ∧ βjk + f jfk∂Jβjk
)
=
∑
1≤j,k≤p
i
(
if j∂Jfk ∧ αjk + f jfk∂Jαjk
)
+
∑
1≤j,k,s≤p
i
(
f jfsα
k
s ∧ βjk + f jfsβ
k
s ∧ βjk
)
=
∑
1≤j,k≤p
if j∂Jfk ∧ αjk +O
(|f |2) = O (|f |) .
By adding the last two equations involved in the expression of w1(f, ε) we obtain
(2.2)
w1(f, ε) =
(
i
p∑
j=1
∂Jfj ∧ ∂Jfj +O(|f |)
)p
(|f |2 + ε2)p = p!
i∂Jf1 ∧ ∂Jf1 ∧ · · · ∧ i∂Jfp ∧ ∂Jfp
(|f |2 + ε2)p +
O (|f |)
(|f |2 + ε2)p ,
Let us now compute the second form w2(f, ε) of (2.1). For this, we begin with :
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i∂J |f |2 ∧ ∂J |f |2 = i
 p∑
j=1
fj∂Jf j + f j∂fj
 ∧ [ p∑
k=1
fk∂Jfk + fk∂fk
]
= 2Re
 ∑
1≤j,k≤p
fjfk∂Jf j ∧ ∂Jfk
+ ∑
1≤j,k,r,s≤p
ifjfk
(
fsα
j
s + fsβ
j
s
)
∧
(
frα
k
r + f rβ
k
r
)
+
∑
1≤j,k≤p
f jfk∂Jfj ∧ ∂Jfk
= i
∑
1≤j,k≤p
f jfk∂Jfj ∧ ∂Jfk +O
(|f |3) .
It is immediate to get O (|f |3) because the first term in the second equality of the preceding
equation is a O (|f |3), while the second one has O (|f |4) as coefficients. By means of the above
estimation and turning back to the expression of w2(f, ε), we derive that :
(|f |2 + ε2)p+1w2(f, ε) = p
(
i∂J∂J |f |2
)p−1 ∧ i∂J |f |2 ∧ ∂J |f |2
= p
 p∑
j=1
i∂Jfj ∧ ∂Jfj +O (|f |)
p−1 ∧
 ∑
1≤j,k≤p
f jfki∂Jfj ∧ ∂Jfk +O
(|f |3)

= p
 p∑
j=1
i∂Jfj ∧ ∂Jfj
p−1 +O (|f |)
 ∧ [iγ ∧ γ +O (|f |3)] ,
where γ =
p∑
j=1
f j∂Jfj. On the other hand, since
 p∑
j=1
i∂Jfj ∧ ∂Jfj
p−1 = (p− 1)! p∑
j=1
 p∏
k 6=j
i∂Jfk ∧ ∂Jfk
 ,
it follows that
(|f |2 + ε2)p+1w2(f, ε) = p!
p∑
j=1
 p∏
k 6=j
i∂Jfk ∧ ∂Jfk
 ∧ iγ ∧ γ +O (|f |) ∧ iγ ∧ γ +O (|f |3)
= p!|f |2i∂Jf1 ∧ ∂Jf1 ∧ · · · ∧ i∂Jfp ∧ ∂Jfp +O
(|f |3) .
Consequently,
(2.3) w2(f, ε) = p!
|f |2i∂Jf1 ∧ ∂Jf1 ∧ · · · ∧ i∂Jfp ∧ ∂Jfp
(|f |2 + ε2)p+1 +
O (|f |3)
(|f |2 + ε2)p+1 .
Finally, regarding (2.1),(2.2) and (2.3), we obtain
(2.4)
(
i∂J∂J log(|f |2 + ε2)
)p
= p!
ε2i∂Jf1 ∧ ∂Jf1 ∧ · · · ∧ i∂Jfp ∧ ∂Jfp
(|f |2 + ε2)p+1 +
O (|f |3)+ ε2O (|f |)
(|f |2 + ε2)p+1 .
Now let z = (f1, · · · , fp, zp+1, · · · , zn) be a local coordinates and we put ξ⋆j = ∂Jfj for j =
1, · · · , p. Also, we denote by ξj =
(
∂
∂zj
)1,0
and by ξ⋆j the associated dual vector, for every
j ∈ I0 = {p + 1, · · · , n}. It follows that
(
ξ⋆j
)
1≤j≤n
is a smooth local frame of the bundle T ⋆1,0Ω.
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With respect to this frame, let ψ(z) =
∑
|I|=|J |=n−pψIJ(z)ξ
⋆
I ∧ ξ
⋆
J be a test form, and let us
denote dλ =
n∏
j=1
i
2
ξ⋆j ∧ ξ⋆j . Choose a constant ǫ(I0) such that
ǫ(I0)i∂Jf1 ∧ ∂Jf1 ∧ · · · ∧ i∂Jfp ∧ ∂Jfp ∧ ξ⋆I0 ∧ ξ⋆I0 = dλ.
Then using (2.4), we see that〈(
i∂J∂J log(|f |2 + ε2)
)p
, ψ
〉
=
p!
ǫ(I0)
∫
ε2ψI0I0(z)
(|f |2 + ε2)p+1dλ+
∫ [O (|f |3)+ ε2O (|f |)] ∧ ψ
(|f |2 + ε2)p+1 .
If we put fj = εwj in the first integral, we get〈(
i∂J∂J log(|f |2 + ε2)
)p
, ψ
〉
=
p!
ǫ(I0)
∫
ψI0I0(εw1, · · · , εwp, zp+1, · · · , zn)
(|w|2 + 1)p+1 d˜λ
+
∫ [O (|f |3)+ ε2O (|f |)] ∧ ψ
(|f |2 + ε2)p+1 ,
where d˜λ is a modification of dλ by replacing ∂Jfj by ε∂Jwj for j = 1, · · · , p. Letting ε → 0
and using the fact that ∫
Cp
dw
(|w|2 + 1)p+1 =
πp
p!
,
it is not hard to see that〈(
i
π
∂J∂J log |f |2
)p
, ψ
〉
=
∫
ψI0I0(0, · · · , 0, zp+1, · · · , zn)dλ+
∫ [O (|f |3)] ∧ ψ
|f |2p+2
=
∫
[Z] ∧ ψ +
∫ [O (|f |3)] ∧ ψ
|f |2p+2
= 〈[Z], ψ〉+ 〈RJ(f), ψ〉 ,
where [Z] is the current of integration on Z and RJ(f) is a current with coefficients O
(|f |1−2p).
Before finishing the proof we point out that if J is integrable, then ∂fj ≡ 0, for j = 1, · · · , p.
Hence, the term O (|f |) in (2.2) and O (|f |3) in (2.3) turn out to be zero. This implies in
particular that the extra current RJ(f) vanishes. 
3. Restriction of closed positive currents on J-analytic subsets
3.1. J-analytic subsets. In this subsection we are going to introduce the notion of a J-analytic
subset in an almost complex manifold (M,J). Such subsets should be considered as almost
complex analogues of “classical” analytic subsets. According to [5], a subset A of M is said
to be J-analytic in (M,J) if A admits a stratification A = As ∪ As−1 ∪ · · · ∪ A0, where A0
is an almost complex submanifold in M and for j = 1, · · · , s, Aj is a closed almost complex
submanifold of M r ∪j−1k=0Ak. It is important to point out that this definition is far from being
ideal as shown by the following example :
A =
{
(z, w) ∈ C2; w 6= 0, z = e1/w
}
∪ {w = 0} .
It is not hard to see that A is not analytic (in the complex sense) but it is Jst-analytic in
the sense of [5] where Jst is the standard complex structure on C
2. This example leads us to
formulate another more appropriate definition of a J-analytic subset that has at least the mini-
mum requirement of being compatible with the concept of Jst-analytic subset in the integrable
situation. For this aim, we introduce the following definition :
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Definition 2. We say that A is a J-analytic subset of (M,J) of dimension p if there exist a
finite sequence of closed subsets
∅ = A−1 ⊂ A0 ⊂ A1 ⊂ · · · ⊂ Ap = A,
where Aj rAj−1 is a smooth almost complex submanifold in M rAj−1, of complex dimension j
and has a locally finite 2j-Hausdorff dimension in the neighborhood of every point of M . We say
that A is of pure complex dimension p if moreover we have Aj−1 ⊂ Aj rAj−1, for j = 0, ..., p.
If the p-dimensional strata Ap rAp−1 is connected we say that A is irreducible.
It is clear that A0 is a smooth almost complex submanifold in M . Moreover, it should be
mentioned that the inclusions in the above definition are not necessarily strict (the j-dimensional
strata Aj rAj−1 may be empty).
Remark 1.
(1) Notice that the previous definition for the almost complex setting does coincide with
usual analytic subsets in the integrable case (this follows from the standard extension
theorem for analytic sets with locally bounded area). Notice that our above example
was constructed precisely in such a way that the area of z = e1/w is not locally finite
near w = 0.
(2) In order to justify the above definition let us recall that every closed J-complex curve
A of (M,J) is J-analytic. Indeed, we write ∅ = A−1 ⊂ A0 ⊂ A1 = A, where A0 is the
singular part of A which is discrete. More generally, every almost complex submanifold
is a J-analytic subset.
(3) According to the terminology introduced in [2], a regular complete J-pluripolar (r.c.p
for short) subset A of (M,J) is the −∞ locus of a J-psh function, which is of class C 2
away from A. In the same paper it was proved that every almost complex submanifold
of (M,J) is locally r.c.p. According to definition 2, this enables us to deduce without
difficulty that every J-analytic subset A is a locally regular complete J-pluripolar subset
away from the singular part of A. Obviously, a natural question arises here : does every
J-analytic subset is a (locally) regular complete pluripolar set? This is a well-known
result when the structure J is integrable.
3.2. Closed positive currents on J-analytic subsets. Our next result concerns the restric-
tion of closed positive currents on J-analytic subsets. First, recall that in terms of currents, if
A is a J-analytic subset of complex dimension p then [A] defines a (p, p)-closed positive current
by integrating (p, p)-test forms on the components of A of dimension 2p. More precisely, assume
that ∅ = A−1 ⊂ A0 ⊂ A1 ⊂ · · · ⊂ Ap = A is a sequence as in definition 2 and let Y = AprAp−1.
Since Y is a smooth almost complex submanifold in MrAp−1, then the integration on Y defines
a positive closed current on M rAp−1. Moreover, Y has a locally finite 2p-Hausdorff dimension
in the neighborhood of every point of M , hence [Y ] has locally finite mass across Ap−1 and
therefore [A] = [˜Y ] is the trivial extension of [Y ]. L’et us recall the following result :
Lemma 1. Assume that T is a positive closed (resp.plurisubharmonic) current on (M,J) and
A is a J-analytic subset of complex dimension p, then the cut-off 1lAT is also a positive and
closed (resp.plurisubharmonic) current supported by A.
Proof. The problem is local, so we may assume that M is an open subset Ω of Cn. Lat ∅ =
A−1 ⊂ A0 ⊂ A1 ⊂ · · · ⊂ Ap = A be a sequence of (Ω, J) as in definition 2 and let T be a positive
closed (the case when T is positive and plurisubharmonic is similar) of (Ω, J). Thank’s to a
result of [2], every almost complex submanifold of (Ω, J) is locally r.c.p and the cut-off of T by a
r.c.p subset is also positive and closed. This is the case for 1lA0T because A0 is a smooth almost
complex submanifold in Ω. Hence, by using an induction on the dimension of A and observe
that 1lAjT = 1lAjrAj−1T + 1lAj−1T , for j ≤ p, we need only to prove that R = 1lAjrAj−1T is
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positive and closed in Ω. Since Aj rAj−1 is a smooth almost complex submanifold in ΩrAj−1,
again by [2] the current R is positive and closed on ΩrAj−1 (notice that R don’t carry any mass
on Aj−1). Let’s write Ω rAj−1 = (ΩrAj−2) \ (Aj−1 rAj−2). Since Aj−1 r Aj−2 is a smooth
almost complex submanifold in Ωr Aj−2 and R has locally finite mass near Aj−1 r Aj−2 then
the trivial extension R˜ of R is also positive and closed on ΩrAj−2 (see [2]). As the current R
is supported by Aj rAj−1, we can deduce that R = R˜. The proof was completed by repeating
the above argument and by using the induction hypothesis. 
In the case when J is integrable, this lemma was proved by El Mir in the more general setting
when A is a pluripolar subset. Moreover, lemma 1 extends a result due to [2], if A is an almost
complex submanifold. Notice also that by the same idea of the proof of lemma 1, we can easily
see that the current of integration [A] on a J-analytic subset is positive and closed. In the same
direction concerning the restriction of currents, assume that T is a positive plurisubharmonic
current of bibimension (p, p) supported by a subset A of vanishing 2p-Hausdorff dimension in an
almost complex manifold (M,J). By a line of arguments that goes back to Siu [8, lemma 3.3]
and by using the fact that the Lelong function (that induces the existence of the Lelong number)
is “almost” increasing (see [3]), it is not hard to prove that 1lAT = 0. When A is J-analytic of
dimension p, we obtain:
Theorem 2. Let T be a closed positive current of bibimension (p, p) on an almost complex
manifold (M,J). Let A be a J-analytic subset of (M,J) of dimension p. Then, we have
1lAT = mA[A],
where mA = inf
x∈A
νT (x) is the generic Lelong number of T along A.
Proof. Assume that ∅ = A−1 ⊂ A0 ⊂ A1 ⊂ · · · ⊂ Ap = A is a sequence as in definition 2. Since
positiveness of currents is a local problem, it is enough to work in a neighborhood of each point
a ∈ A. Following Demailly, let (z1, · · · , zn) be an almost complex coordinates around a such that
∂zj = O(|z|). Denote by β = id∂|z|2, β1 = i2
∑n
j=1 ∂zj ∧ ∂zj and σT (B(a, r)) =
∫
B(a,r) T ∧ βp1 .
It is not hard to see that β = β1 +O(|z|) and βp = βp1 +O(|z|), (see [2]).
Claim. For every ε > 0 there exist r0 > 0 and c > 0 such that
Θr,ε = 1lAT −mA (1− (2pc+ ε)r) [A] ≥ 0, ∀0 < r < r0.
Proof of the claim. Consider the following important fact : the map r 7→ σT (B(a, r)) (1+rc)
2pp!
r2pπp
is increasing for some constant c > 0. It follows that
σT (B(a, r)) ≥ mAπ
p
p!
r2p
(1 + rc)2p
= mA
πp
p!
r2p (1− 2pcr + o(r)) .
Given ε > 0, there exists r0 > 0 such that for every 0 < r < r0 we have
σT (B(a, r)) ≥ mAπ
p
p!
r2p (1− (2cp + ε)r) = σ[A](B(a, r))mA (1− (2cp + ε)r) .
It follows that
∫
1lB(a,r)Θr,ε ∧ βp1 ≥ 0, where Θr,ε = T −mA (1− (2cp + ε)r) [A]. Now, let f be
a positive continuous function with compact support in M and let
gδ(z) =
∫
A
1lB(a,δ)(z)f(a)dλ(a) =
∫
a∈A∩B(z,δ)
f(a)dλ(a).
Then, we have
∫
gδΘr,ε ∧ βp1 ≥ 0. Moreover, it is not hard to see that the function gδ is
continuous, and that when δ tends to 0, the function p!
πpδ2p
gδ converges to f on A and to 0 on
M rA. Thus we infer the inequality
∫
1lAfΘr,ε ∧ βp1 ≥ 0. Since f is arbitrary, we see that the
8 F. ELKHADHRA
measure 1lAΘr,ε∧βp1 is positive. On the other hand, thanks to a result of [2], in a neighborhood
U of a we have
A∩U = {x ∈ U, fp+1(x) = · · · = fn(x) = 0, ∂Jfj = 0 on A ∩ U and ∂Jfp+1 ∧ · · · ∧ ∂Jfn 6= 0 on U} .
The current 1lAΘr,ε is of order zero, supported by A and d-closed. Therefore, in virtue of the
classical support theorem of Federer, for every p+ 1 ≤ j ≤ n, we obtain
(3.1) 1lAΘr,ε ∧ ∂fj = 1lAΘr,ε ∧ ∂fj = 0.
Consider now the almost complex system (z1, · · · , zp, zp+1 = fp+1, · · · , zn = fn) such that (∂zj)j
is a local basis of T ⋆1,0M|U . For k = 1, · · · , p, let αk =
∑
j αkj∂zj ∈ D1,0(U). Then a simple
computation gives
iα1 ∧ α1 ∧ · · · ∧ iαp ∧ αp = |det(αkj)|21≤j,k≤pi∂z1 ∧ ∂z1 ∧ · · · ∧ i∂zp ∧ ∂zp + γ,
where γ is a form which contains at least one ∂fj or ∂fj for some j. In view of (3.1) it follows
that
1lAΘr,ε ∧ iα1 ∧ α1 ∧ · · · ∧ iαp ∧ αp = |det(αkj)|21lAΘr,ε ∧ i∂zj ∧ ∂zj ∧ · · · ∧ i∂zp ∧ ∂zp
= |det(αkj)|21lAΘr ∧ βp1 ≥ 0.
This means that the current 1lAΘr,ε is positive, and the proof of the claim is complete. In order
to finish the proof of the theorem, we remark that 1lAT ≥ mA[A], by letting r → 0. On the other
hand, since T is positive and closed, we see by the Federer support theorem that 1lAT = c[A],
for some c ≥ 0. Since T ≥ 1lAT = c[A], we have νT (x) ≥ c, ∀x ∈ A and therefore mA ≥ c. The
opposite inequality is clear because 1lAT ≥ mA[A]. 
Before terminating this section, we state two interesting related problems pertaining to the
notion of J-analytic subsets :
P1. What can be said about loci of singularities of a J-analytic subset?
P2. Let T be a closed positive current of bidimension (p, p) on an almost complex manifold
(M,J). Fix c > 0. Is the set Ec = {x ∈M, νT (x) ≥ c} a J-analytic subset of M?
It is at least well known that Ec has a locally finite 2p-dimensional Hausdorff measure.
4. Independence of Lelong numbers from the coordinates
Our primary goal in this section is to give a sufficient condition guaranteeing that the Lelong
number of a negative plurisubharmonic current T defined on an almost complex manifold exists.
Following [3], the same result holds when T is positive and psh without requiring any further
condition. The second aim is to prove that the Lelong numbers of a positive (or negative) psh
current are independent on the coordinate systems. In this way, we give a positive answer to
a question stated in [3]. As these problems are local, assume that 0 ∈ M , where (M,J) is an
almost complex manifold and let (z1, · · · , zn) be a coordinate system at 0 such that ∂zj = O(|z|).
We keep here the notations used in [2] :
β1 =
i
2
∂J∂J |z|2, β = i
2
d∂|z|2 = β1 − i
2
θJ∂J |z|2 + i
2
∂
2
J |z|2,
σT (B(r)) =
∫
B(r)
T ∧ βp1 , νT (r) =
σT (r)
τpr2p
,
where T is a positive current of bidimension (p, p) on (M,J), τp is the volume of the unit ball
of Cp and B(r) = {z, |z| < r}. According to these notations, we state :
Proposition 1. Let T be a negative plurisubharmonic current of bidimension (p, p) on (M,J).
Assume that t 7→ νi∂J∂JT (t)t is locally integrable in a neighborhood of zero. Then, the Lelong
number of T at zero exists and is equals to the limit of νT (r), when r tends to zero.
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In the case when J is integrable, this reduces to a result of [4]. Moreover, it should be
mentioned that in the same paper, it was shown that the above integrability condition is a
sufficient condition that is not necessary.
Proof. Without loss of generality, we may assume that T is positive and i∂J∂JT is negative. Let
σT (r) =
∫
B(r)
(
T ∧ βp − i
2
T ∧ ∂J |z|2 ∧ ∂Jβp−1 + i
2
θJT ∧ ∂J |z|2 ∧ βp−1
)
and νT (r) =
σT (r)
r2p
.
Taking into account the estimations of the forms βp, ∂J |z|2 ∧ βp−1 and ∂J |z|2 ∧ βp−1 already
given by [2], it is not hard to see that νT (r)− νT (r) = O(r). Let us consider the map :
f(r) = νT (r) +
1
r2p
∫ r
0
tdt
∫
B(t)
i∂J∂JT ∧ βp−1 −
∫ r
0
dt
t2p−1
∫
B(t)
i∂J∂JT ∧ βp−1
= νT (r) +
∫ r
0
(
t2p
r2p
− 1
)
νi∂J∂JT (t)
t
dt = νT (r) + g(r).
Observe that g is positive and increasing. Then, there exists a constant δ > 0 such that for
every 1≫ r2 > r1 > 0, we have
f(r2)− f(r1) = νT (r2)− νT (r1) + g(r2)− g(r1)
≥ νT (r2)− νT (r1)
≥ −δ
r2p−1
1
(σT (r2)− σT (r1))− δ
(
1
r12p
− 1r22p
)
r2σT (r2).
It should be mentioned that the last inequality was proved by [3] in the case when T is positive
and psh and a simple computation shows that the same inequality remains valid in our setting.
Thus, for r1 = r, r2 = r + h and letting h→ 0, we get
f ′(r) = ν ′T (r) + g
′(r) ≥ −δ
r2p−1
(
r2pν′T (r) + 2pr
2p−1νT (r)
) − 2pδνT (r) = −δrν ′T (r)− 4pδνT (r),
in other word we have (1 + δr)ν ′T (r) + 4pδνT (r) + g
′(r) ≥ 0. However, by multiplying this
inequality with the positive term (1 + δr)4p−1, we obtain[
(1 + δr)4pνT (r)
]′
+ (1 + δr)4p−1g′(r) ≥ 0.
Hence, for r≪ 1, it follows that[
(1 + δr)4pνT (r) + (1 + δr)
4p−1g(r)
]′ ≥ (4p − 1)(1 + δr)4p−2δg(r) ≥ 0.
In particular, the quantity (1 + δr)4pνT (r) + (1 + δr)
4p−1g(r) admits a limit when r → 0. On
the other hand the integrability condition in the theorem implies lim
r→0
g(r) = 0, which completes
the proof. 
We are now going to prove the main result in this section. Namely, the Lelong numbers of
a positive (or negative) psh current are independent of coordinate systems. More precisely, we
prove:
Theorem 3. Let T be a psh current of bidimension (p, p) on (M,J). Suppose that either T is
positive, or T is negative and the map t 7→ νi∂J∂JT (t)t is locally integrable in a neighborhood of
zero. Then the Lelong number of T does not depend on the coordinate system.
Proof. Since the problem is local, let z1 = (z11 , · · · , z1n) and z2 = (z21 , · · · , z2n) be two systems
of coordinates at 0. Denote by ϕ = |z1|2, ψ = |z2|2 and for every ε ≪ 1, l > 1, we put
ψε,l = ψ
l+εϕ. Then, since lim
ϕ→0
logψ
logϕ
= 1, it is clear that lim
ϕ→0
ψl
ϕ
= 0, this means that ψε,l ≈ εϕ,
when ϕ→ 0. A direct computation gives (see [3])
id∂ψε,1 = id∂(ψ + εϕ) = id∂ψ + id∂(εϕ) = εβ
1
1 + β
2
1 +O(ε|z1|) +O(|z2|),
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where β11 =
i
2
∑n
j=1 ∂Jz
1
j ∧ ∂Jz1j and β21 = i2
∑n
j=1 ∂Jz
2
j ∧ ∂Jz2j . On the other hand
id∂ψl = i∂∂ψl + i∂
2
ψl − iθ∂ψl − iθ∂(ψl).
Using the fact that ∂ψ = O(|z2|2) and i∂∂ψ = β21 +O(|z2|), we get
i∂∂ψl = l(l − 1)ψl−2i∂ψ ∧ ∂ψ + lψl−1i∂∂ψ = O
(
|z2|2l−2
)
β21 +O(|z2|).
It is easy to see that the forms ∂
2
ψ, θ∂ψ and θ∂ψ have O(|z2|) as coefficients. Hence we deduce
i∂
2
ψl = lψl−1i∂
2
ψl = O(|z2|), iθ∂ψl = lψl−1iθ∂ψ = O(|z2|),
iθ∂ψl = lψl−1iθ∂ψ = O(|z2|).
It follows that
id∂ψl = O
(
|z2|2l−2
)
β21 +O(|z2|).
Finally, we obtain
(4.1) id∂ψε,l = O
(
|z2|2l−2
)
β21 + εβ
1
1 +O(|z2|) +O(ε|z1|).
• Suppose that T is positive and psh. By positiveness and by using (4.1), we see that
1
r2p
∫
{ψε,l<r2}
T ∧ (id∂ψε,l)p ≥ 1
r2p
∫
{ψε<r2}
T ∧ (εβ11)p +O(r).
On the other hand for every δ > 0, there exists η > 0 such that if ϕ < η then ψε,l ≤ ε(1 + δ)ϕ.
Then, one has the inclusion {εϕ < r2(1 + δ)−1} ⊂ {ψε,l < r2}. Consequently
1
r2p
∫
{ψε,l<r2}
T ∧ (εβ11 )p ≥
1
r2p
∫
{εϕ<r2(1+δ)−1}
T ∧ (εβ11)p
= (1 + δ)−p
(
r(ε(1 + δ))−1/2
)−2p ∫
{|z1|<r(ε(1+δ))−1/2}
T ∧ (β11)p
= (1 + δ)−pνT
(
ϕ, r(ε(1 + δ))−1/2
)
,
where νT (ϕ, t) =
1
t2p
∫
{|z1|<t} T ∧ (β11)p. Observe that id∂ψε,l → id∂ψε,1, when l → 1. Then by
passing to the limit l→ 1, δ → 0 we obtain
(4.2)
1
r2p
∫
{ψε,1<r2}
T ∧ (id∂ψε,1)p ≥ νT
(
ϕ, r/
√
ε
)
+O(r).
On the other hand, it was shown in [3] that the quantity νT (ϕ, t) converges to νT (ϕ) when
t→ 0. More precisely the map t 7→ (1+ct)4pνT (ϕ, t) is increases near 0 for some constant c > 0.
Moreover, it was noticed in the begining of the proof of prop.1 that νT (ϕ, t) differs from νT (ϕ, t)
by a O(t) term for t sufficiently small. Therefore from (4.2) we get the following
(4.3)
1
r2p
∫
{ψε,1<r2}
T ∧ (id∂ψε,1)p ≥ νT (ϕ) +O
(
r/
√
ε
)
+O(r).
Let rε = ε
3/2. Thank’s to the expression of id∂ψε,1 and observe that {ψε,1 < r2} ⊂ {ψ < r2},
we derive that the integral in (4.2) is bounded above by νT (ψ, rε) + O(ε). It follows that
νT (ψ, rε)+O(ε) ≥ νT (ϕ)+O(ε) and hence we let ε→ 0 to obtain the inequality νT (ψ) ≥ νT (ϕ).
Finally, observe that the equality is obtained by reversing the roles of ψ and ϕ.
• Suppose that T is negative psh and that t 7→ νi∂J∂JT (t)t is locally integrable in a neighborhood
of zero. Without loss of generality, we may assume that −T is negative psh. By repeating the
same argument of the previous case of positive psh currents, we see that the inequality (4.2)
remains valid. Moreover, by turning back to the proof of prop.1 ther exists a constant c > 0
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such that the map t 7→ (1 + ct)4pνT (ϕ, t) + (1 + ct)4p−1g(t) is increases near 0. Hence, it is not
hard to see that the inequality (4.3) becomes
1
r2p
∫
{ψε,1<r2}
T ∧ (id∂ψε,1)p ≥ νT (ϕ) +O
(
r/
√
ε
)− g(r/√ε)
(1 + c(r/
√
ε))
+O(r).
Thus we complete the proof by following the same argument after inequality (4.3) and by using
the fact that lim
r→0
g(r) = 0. 
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